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Abstrat
In the ase of Uq(sl(2,R)) at root of unity q-deformed analogues are
proposed for the generator of the maximal ompat subalgebra, J , and
for the raising and lowering operators. We prove an algebrai identity
whih implies that J has similar properties as in the nondeformed ase.
1 Introdution
Despite of an intensive development of the theory of quantum groups
during the last deade the results onerning real nonompat forms
are rather rare and far away of being omplete. Even in the lowest rank
ases one enounters serious diulties (see, for example, referenes
[1, 2℄). Naturally, most attention has been paid to groups with a
physial interpretation [3, 4℄. Here we onentrate on the quantum
real group Uq(sl(2,R)). Even this simple example laks, to the author's
knowledge, a onsistent theory on the q-deformed level.
Let us rst reall some basi fats onerning the irreduible uni-
tary representations of the lassial Lie group SL(2,R) [5, 6℄. Let
H,E,F be the standard basis elements of sl(2,R). All of them are
skew self-adjoint with respet to the orresponding ∗-involution in
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U(sl(2,C)). Set
J = E − F, W± = H ± i(E + F ).
For any irreduible representation ̺ of SL(2,R) in a Hilbert spae H
the spetrum of −i̺(J) is simple and ontained in Z. If {vn}n∈M ,
M ⊂ Z, is a basis of H formed by suitably normalised eigenvetors of
−i̺(J) then
−i̺(J)vn = n vn, ̺(W
±)vn = (s+ 1± n)vn±2,
where s ∈ C is a xed parameter.
Our main goal here is to propose q-deformed analogues for the
generator of the ompat subalgebra so(2), J , and for the raising and
lowering operators W±. This short ontribution does not aim at all,
however, to develop a omplete representation theory for Uq(sl(2,R));
this task is deferred to another publiation.
2 Uq(sl(2,R)) at root of unity
We shall onsider the ase when q is a root of unity. We assume that
q = exp(2πiP/Q)
where Q ∈ N is odd, P ∈ {1, 2, . . . , Q− 1} and P and Q are relatively
prime integers. Let K,K−1, E, F be the standard generators of the
omplex Hopf algebra Uq(sl(2,C)). The ∗-involutions dening the real
form is presribed by the relations
K∗ = K, E∗ = −q−1E, F ∗ = −q F.
Here we prefer another set of generators generating a slightly
smaller Hopf algebra U , namely
X = −i q−1EK−1, Y = −i q F K−1, Z = K−2.
Thus the dening relations for U are
ZZ−1 = Z−1Z = 1, ZX = q−2XZ, Z Y = q2 Y Z,
q−1XY − q Y X =
1
q − q−1
(Z2 − 1),
(1)
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the omultipliation is dened by
∆Z = Z ⊗ Z, ∆X = 1⊗X +X ⊗ Z, ∆Y = 1⊗ Y + Y ⊗ Z,
the antipode is dened by
S(Z) = Z−1, S(X) = −XZ−1, S(Y ) = −Y Z−1,
and the ounit is dened by
ε(Z) = 1, ε(X) = ε(Y ) = 0 .
The ∗-involution dening the real form now reads
Z∗ = Z, X∗ = X, Y ∗ = Y . (2)
The irreduible representations are divided into two families (see
the original paper [7℄ or the monographes [8, 9℄). The representations
from the rst family are labelled by a disrete index r = 0, 1, . . . , Q−1,
the representation spae is Hr = span{v0, v1, . . . , vr}, and the repre-
sentation is dened by
Z · vj = ±q
r−2jvj, X · vj = −q
r−2j−1[r − j]qvj+1, Y · vj = [j]qvj−1.
(3)
The representations from the seond family are labelled by 3 omplex
parameters λ, a, b, the representation spae is alwaysH = {v0, v1, . . . , vQ−1},
the representation is dened by
Z · vj = λ q
2jvj,
X · vj = −i q
j−1
(
ab− [j]q
λ qj−1 − λ−1q−j+1
q − q−1
)
vj−1 for j 6= 0,
X · v0 = −i q
−1a vQ−1,
Y · vj = −iλ q
j+1vj+1 for j 6= Q− 1,
Y · vQ−1 = −iλ b v0.
(4)
The two families interset for the values of parameters r = Q − 1 in
(3) and a = b = 0, λ = ±q−Q+1 in (4).
Unfortunately, as pointed out in referene [10℄, the only repre-
sentations from this list whih are unitarizable with respet to the
∗-involution (2) are one-dimensional. This absolutely unsatisfatory
situation of ourse appeals for a modied denition of Uq(sl(2,R)).
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A possible way out has been proposed in referene [10℄. The set of gen-
erators is augmented by introduing an additional generator T whih
satises
T 2 = 1, ∆T = T ⊗ T, S(T ) = T, ε(T ) = 1.
The augmented Hopf algebra will be alled U ♮. The modied ∗-
involution takes the form
X∗ = T X T, Y ∗ = T Y T, Z∗ = T Z T, T ∗ = T. (5)
As shown in papers [10, 11℄, all representations from the rst family
(3) are unitarizable in this modied sense and may be regarded as q-
deformations of representations of SL(2,R) belonging to the disrete
series.
3 Raising and lowering operators
Set
J = (qX − q−1Y )Z−1 = Z−1(q−1X − qY ).
One easily nds that
∆J = Z−1 ⊗ J + J ⊗ 1, S(J) = −Z J, ε(J) = 1 . (6)
For the extended algebra U ♮ it seems to be reasonable to impose the
ondition
JT = TJ,
i.e. J∗ = J .
Note that onversely one an express
X =
1
q2 − q−2
(qJZ − q−1ZJ), Y =
1
q2 − q−2
(q−1JZ − qZJ) .
It is also straightforward to derive the relations between J and Z. The
seond and third relations in (1) give
Z2J − (q2 + q−2)ZJZ + JZ2 = 0 (7)
while the last one implies
(q2 + 1 + q−2)ZJ2Z − JZJZ − JZ2J − ZJZJ = (q + q−1)
2
(Z2 − 1) .
(8)
All the above manipulations are reversible and this shows
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Proposition 1. The Hopf algebra U is isomorphi to the Hopf algebra
U ′ generated by Z and J with the dening relations (7), (8), (6) and
the known relations for Z (Z Z−1 = Z−1Z = 1, ∆Z = Z⊗Z, S(Z) =
Z−1, ε(Z) = 1).
The quantum numbers [x]q = (q
x− q−x)/(q− q−1) are supposed to
be dened for any x ∈ C for we set, by denition, qx = exp(2πi(P/Q)x).
The main result of this ontribution is the following identity.
Proposition 2. For all x ∈ C it holds true that
Z
(
J − [x+ 2]q
)(
J − [x]q
)(
J − [x− 2]q
)
Z
=
((
J − [x]q
)
Z
(
J − [x]q
)
Z − [2]q
2
)(
J − [x]q
)
,
(9)
Proof. To prove (9) we expend the both sides in the variable y = qx,
LHS−RHS = c−2 y
−2 + c−1 y
−1 + c0 + c1 y + c2 y
2,
and we nd that
(q − q−1)
2
c−2 = (q − q
−1)
2
c2 = −JZ
2 + (q2 + q−2)ZJZ − Z2J,
(q − q−1)c−1 = −(q − q
−1)c1
= (q2 + 1 + q−2)ZJ2Z − JZJZ − JZ2J − Z JZJ − [2]q
2(Z2 − 1),
and
(q − q−1)
2
c0 =2 (JZ
2 − (q2 + q−2)ZJZ + Z2J)
+ (q − q−1)
2(
ZJ3Z − [2]q
2Z JZ − JZJZJ + [2]q
2J
)
.
Thus the oeients c±2, c±1 vanish owing to (7) and (8), the oe-
ient c0 vanishes if it is true in the partiular ase x = 0. The following
lemma onludes the proof.
Lemma 3. It holds true that
Z
(
J2 − (q + q−1)
2)
JZ =
(
JZJZ − (q + q−1)
2)
J .
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Proof. To prove the partiular ase of (9) with x = 0 set
V = ZJ3Z − [2]q
2ZJZ + [2]q
2J − JZJZ J.
Then it holds
ZV + V Z =(
(q2 + 1 + q−2)ZJ2Z − JZ2J − ZJZJ − JZJZ + (q + q−1)
2
(1− Z2)
)
× JZ + ZJ
×
(
(q2 + 1 + q−2)ZJ2 − JZ2J − ZJZJ − JZJZ + (q + q−1)
2
(1− Z2)
)
+ (JZ2 − (q2 + q−2)ZJZ + Z2J)J2Z
+ ZJ2(JZ2 − (q2 + q−2)ZJZ + Z2J)
and thus Z V + V Z = 0. This learly implies
ZkV = (−1)k V Z, for all k ∈ Z.
In partiular, ZQV = −V ZQ. But ZQ belongs to the entre of the
algebra U and therefore ZQV = V ZQ. Hene ZQV = 0 and onse-
quently V = 0.
Some straightforward onsequenes follow from identity (9). Con-
sider an irreduible representation of U whose dimension equals d. If
v is an eigenvetor of J with an eigenvalue [x]q then the vetors(
J − [x]q
)(
J − [x− 2]q
)
Z · v,
(
J − [x]q
)(
J − [x+ 2]q
)
Z · v, (10)
either vanish or are eigenvetors of J orresponding to the eigenvalues
[x+ 2]q and [x− 2]q , respetively. The spetrum of J is of the form
[x]q, [x+ 2]q, . . . , [x+ 2d− 2]q,
and hene the operator J has similar properties (up to the fator i)
as its nondeformed ounterpart. For example, in the ase of the rep-
resentations from the rst family (3) the operator J is known to have
the spetrum (10) with x = Q−d+1 [10℄. Furthermore, the operators
(J − [x]q)(J − [x− 2]q)Z and (J − [x]q)(J − [x+ 2]q)Z play the role
of raising and lowering operators, respetively. Finally, the matrix Z,
if expressed in the orresponding eigenbasis of J , is tridiagonal in the
ase of the rst family of representations (3) or tridiagonal with the
yli onvention modulo Q in the ase of the seond family (4).
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